
szkic rozwiązania – Jacek Kredenc 

Zadania 3D 

Zadanie 1. 

Niech 𝐻 = 1 + 𝑖 + 𝑗 + 𝑘. Wyznacz a) 𝑯(−𝟏); b) 𝐻2 c) 𝑯𝟑 

Rozwiązanie: 

a) 

𝐻(−1) =
1

𝐻
=

1

1 + 𝑖 + 𝑗 + 𝑘
 

𝐻̅ = 1 − 𝑖 − 𝑗 − 𝑘 

|𝐻| = 1 + 1 + 1 + 1 = 4 

𝐻(−1) =
1 − 𝑖 − 𝑗 − 𝑘

4
=

1

4
−

𝑖

4
−

𝑗

4
−

𝑘

4
 

b)  

𝐻2 = 𝐻 ∙ 𝐻 = (1 + 𝑖 + 𝑗 + 𝑘) ∙ (1 + 𝑖 + 𝑗 + 𝑘) = 

= 1 + 𝑖 + 𝑗 + 𝑘 + 𝑖 − 1 + 𝑖𝑗 + 𝑖𝑘 + 𝑗 + 𝑗𝑖 − 1 + 𝑗𝑘 + 𝑘 + 𝑘𝑖 + 𝑘𝑗 − 1 = 

= −2 + 2𝑖 + 2𝑗 + 2𝑘 + 𝑘 − 𝑗 − 𝑘 + 𝑖 + 𝑗 − 𝑖 = −2 + 2𝑖 + 2𝑗 + 2𝑘 

c) 

𝐻3 = 𝐻2 ∙ 𝐻 = (−2 + 2𝑖 + 2𝑗 + 2𝑘) ∙ (1 + 𝑖 + 𝑗 + 𝑘) = 

= −2 − 2𝑖 − 2𝑗 − 2𝑘 + 2𝑖 − 2 + 2𝑖𝑗 + 2𝑖𝑘 + 2𝑗 + 2𝑗𝑖 − 2 + 2𝑗𝑘 + 2𝑘 + 2𝑘𝑖 + 2𝑘𝑗 − 2 = 

= −8 + 2𝑘 − 2𝑗 − 2𝑘 + 2𝑖 + 2𝑗 − 2𝑖 = −8 

 

Zadanie 2. 

Punkt 𝐴 = (1; 2; 3) obróć o kąt 90° dookoła osi k. 

Rozwiązanie: 

ℎ𝐴 = 𝑖 + 2𝑗 + 3𝑘 

𝑣 = 𝑘 

𝜑 = 90° 

𝜑

2
= 45° 

𝑎 = cos 45° =
√2

2
;        𝑑 = sin 45° =

√2

2
 



𝑞 =
√2

2
+

√2

2
𝑘 

𝑞−1 =
√2

2
−

√2

2
𝑘 

𝐴′ = 𝑞 ∙ ℎ𝐴 ∙ 𝑞−1 = (
√2

2
+

√2

2
𝑘) ∙ (𝑖 + 2𝑗 + 3𝑘) ∙ (

√2

2
−

√2

2
𝑘) = 

= (
√2

2
+

√2

2
𝑘) ∙ (

√2

2
𝑖 −

√2

2
𝑖𝑘 + √2𝑗 − √2𝑗𝑘 +

3√2

2
𝑘 +

3√2

2
) = 

= (
√2

2
+

√2

2
𝑘) ∙ (

3√2

2
+

√2

2
𝑖 + √2𝑗 +

3√2

2
𝑘 +

√2

2
𝑗 − √2𝑖) = 

= (
√2

2
+

√2

2
𝑘) ∙ (

3√2

2
−

√2

2
𝑖 +

3√2

2
𝑗 +

3√2

2
𝑘) = 

=
3

2
−

1

2
𝑖 +

3

2
𝑗 +

3

2
𝑘 +

3

2
𝑘 −

1

2
𝑘𝑖 +

3

2
𝑘𝑗 −

3

2
= −

1

2
𝑖 +

3

2
𝑗 + 3𝑘 −

1

2
𝑗 −

3

2
𝑖 = 

= −2𝑖 + 𝑗 + 3𝑘 

𝐴′ = (−2; 1; 3) 

 

Zadanie 3. 

Niech 𝐴 = (0; 0; 4)        𝑖       𝐵 = (3; 0; 0). Odcinek AB obróć o kąt 60° dookoła osi j. 

Rozwiązanie: 

ℎ𝐴 = 4𝑘 

𝑣 = 𝑗 

𝜑 = 60° 

𝜑

2
= 30° 

𝑎 = cos 30° =
√3

2
;        𝑐 = sin 30° =

1

2
 

𝑞 =
√3

2
+

1

2
𝑗 

𝑞−1 =
√3

2
−

1

2
𝑗 

𝐴′ = 𝑞 ∙ ℎ𝐴 ∙ 𝑞−1 = (
√3

2
+

1

2
𝑗) ∙ 4𝑘 ∙ (

√3

2
−

1

2
𝑗) = (

√3

2
+

1

2
𝑗) ∙ (2√3𝑘 − 2𝑘𝑗) = 



= (
√3

2
+

1

2
𝑗) ∙ (2√3𝑘 + 2𝑖) = 3𝑘 + √3𝑖 + √3𝑗𝑘 + 𝑗𝑖 = √3𝑖 + 3𝑘 + √3𝑖 − 𝑘 = 2√3𝑖 + 2𝑘 

𝐴′ = (2√3; 0; 2) 

ℎ𝐵 = 3𝑖 

𝑣 = 𝑗 

𝜑 = 60° 

𝜑

2
= 30° 

𝑎 = cos 30° =
√3

2
;        𝑐 = sin 30° =

1

2
 

𝑞 =
√3

2
+

1

2
𝑗 

𝑞−1 =
√3

2
−

1

2
𝑗 

𝐵′ = 𝑞 ∙ ℎ𝐴 ∙ 𝑞−1 = (
√3

2
+

1

2
𝑗) ∙ 3𝑖 ∙ (

√3

2
−

1

2
𝑗) = (

√3

2
+

1

2
𝑗) ∙ (

3√3

2
𝑖 −

3

2
𝑖𝑗) = 

= (
√3

2
+

1

2
𝑗) ∙ (

3√3

2
𝑖 −

3

2
𝑘) =

9

4
𝑖 −

3√3

4
𝑘 +

3√3

4
𝑗𝑖 −

3

4
𝑗𝑘 =

9

4
𝑖 −

3√3

4
𝑘 −

3√3

4
𝑘 −

3

4
𝑖

= 

=
3

2
𝑖 −

3√3

2
𝑘 

𝐵′ = (
3

2
; 0; −

3√3

2
) 

 

Zadanie 4. 

Niech 𝐴 = (1; 2; 0); 𝐵 = (3; 5; 0); 𝐶 = (3; −5; 0). Trójkąt ABC obróć o kąt 180° dokoła 

prostej, zawierającej punkty O i D, jeśli 𝑂 = (0; 0; 0)      𝑖       𝐷 = (3; 0; 3). 

Uwaga!!! 

Błąd w treści zadania. 

Rozwiązanie: 

ℎ𝐴 = 𝑖 + 2𝑗 

𝑣 =
√2

2
𝑖 +

√2

2
𝑘 



𝜑 = 180° 

𝜑

2
= 90° 

𝑎 = cos 90° = 0;        𝑏 =
√2

2
∙ sin 90° =

√2

2
;        𝑑 =

√2

2
∙ sin 90° =

√2

2
 

𝑞 =
√2

2
𝑖 +

√2

2
𝑘 

𝑞−1 = −
√2

2
𝑖 −

√2

2
𝑘 

𝐴′ = (
√2

2
𝑖 +

√2

2
𝑘) ∙ (𝑖 + 2𝑗) ∙ (−

√2

2
𝑖 −

√2

2
𝑘) = 

= (
√2

2
𝑖 +

√2

2
𝑘) ∙ (

√2

2
−

√2

2
𝑖𝑘 − √2𝑗𝑖 − √2𝑗𝑘) = 

= (
√2

2
𝑖 +

√2

2
𝑘) ∙ (

√2

2
+

√2

2
𝑗 + √2𝑘 − √2𝑖) = 

= (
√2

2
𝑖 +

√2

2
𝑘) ∙ (

√2

2
− √2𝑖 +

√2

2
𝑗 + √2𝑘) =

1

2
𝑖 + 1 +

1

2
𝑖𝑗 + 𝑖𝑘 +

1

2
𝑘 − 𝑘𝑖 +

1

2
𝑘𝑗 − 1 = 

=
1

2
𝑖 + 1 +

1

2
𝑘 − 𝑗 +

1

2
𝑘 − 𝑗 −

1

2
𝑖 − 1 = 𝑘 − 2𝑗 

𝐴′ = (0; −2; 1) 

ℎ𝐵 = 3𝑖 + 5𝑗 

𝑣 =
√2

2
𝑖 +

√2

2
𝑘 

𝜑 = 180° 

𝜑

2
= 90° 

𝑎 = cos 90° = 0;        𝑏 =
√2

2
∙ sin 90° =

√2

2
;        𝑑 =

√2

2
∙ sin 90° =

√2

2
 

𝑞 =
√2

2
𝑖 +

√2

2
𝑘 

𝑞−1 = −
√2

2
𝑖 −

√2

2
𝑘 

𝐵′ = (
√2

2
𝑖 +

√2

2
𝑘) ∙ (3𝑖 + 5𝑗) ∙ (−

√2

2
𝑖 −

√2

2
𝑘) = 



= (
√2

2
𝑖 +

√2

2
𝑘) ∙ (

3√2

2
−

3√2

2
𝑖𝑘 −

5√2

2
𝑗𝑖 −

5√2

2
𝑗𝑘) = 

= (
√2

2
𝑖 +

√2

2
𝑘) ∙ (

3√2

2
+

3√2

2
𝑗 +

5√2

2
𝑘 −

5√2

2
𝑖) = 

= (
√2

2
𝑖 +

√2

2
𝑘) ∙ (

3√2

2
−

5√2

2
𝑖 +

3√2

2
𝑗 +

5√2

2
𝑘) = 

=
3

2
𝑖 +

5

2
+

3

2
𝑖𝑗 +

5

2
𝑖𝑘 +

3

2
𝑘 −

5

2
𝑘𝑖 +

3

2
𝑘𝑗 −

5

2
=

3

2
𝑖 +

5

2
+

3

2
𝑘 −

5

2
𝑗 +

3

2
𝑘 −

5

2
𝑗 −

3

2
𝑖 −

5

2
= 

= −5𝑗 + 3𝑘 

𝐵′ = (0; −5; 3) 

ℎ𝐶 = 3𝑖 − 5𝑗 

𝑣 =
√2

2
𝑖 +

√2

2
𝑘 

𝜑 = 180° 

𝜑

2
= 90° 

𝑎 = cos 90° = 0;        𝑏 =
√2

2
∙ sin 90° =

√2

2
;        𝑑 =

√2

2
∙ sin 90° =

√2

2
 

𝑞 =
√2

2
𝑖 +

√2

2
𝑘 

𝑞−1 = −
√2

2
𝑖 −

√2

2
𝑘 

𝐶′ = (
√2

2
𝑖 +

√2

2
𝑘) ∙ (3𝑖 − 5𝑗) ∙ (−

√2

2
𝑖 −

√2

2
𝑘) = 

= (
√2

2
𝑖 +

√2

2
𝑘) ∙ (

3√2

2
−

3√2

2
𝑖𝑘 +

5√2

2
𝑗𝑖 +

5√2

2
𝑗𝑘) = 

= (
√2

2
𝑖 +

√2

2
𝑘) ∙ (

3√2

2
+

3√2

2
𝑗 −

5√2

2
𝑘 +

5√2

2
𝑖) = 

= (
√2

2
𝑖 +

√2

2
𝑘) ∙ (

3√2

2
+

5√2

2
𝑖 +

3√2

2
𝑗 −

5√2

2
𝑘) = 

=
3

2
𝑖 +

5

2
+

3

2
𝑖𝑗 −

5

2
𝑖𝑘 +

3

2
𝑘 +

5

2
𝑘𝑖 +

3

2
𝑘𝑗 −

5

2
=

3

2
𝑖 +

5

2
+

3

2
𝑘 +

5

2
𝑗 +

3

2
𝑘 +

5

2
𝑗 −

3

2
𝑖 −

5

2
= 



= 5𝑗 + 3𝑘 

𝐶′ = (0;  5; 3) 


